Abstract: For all k ∈]0, 1[, we construct a canonical bijection between the space of ramified coverings of the sphere and the space of complete immersed surfaces in 3-dimensional hyperbolic space of finite area and of constant extrinsic curvature equal to k. We show, furthermore, that this bijection restricts to a homeomorphism over each stratum of the space of ramified coverings of the sphere.
½ ¹ ÁÒØÖÓ ÙØ ÓÒº 1.1 -Background. The Enneper-Weierstrass (EW) representation, which describes minimal surfaces in R 3 in terms of one holomorphic function and one holomorphic 1-form over a given surface, is one of the most remarkable tools used in the study of minimal surfaces, yielding in particular constructions of minimal surfaces satisfying certain unexpected and often surprising properties (c.f. [4] and Ch. 8 of [9] ). It is with this motivation that various authors have subsequently studied EW-type representations of other types of surfaces (c.f., for example, [1] , [3] and [5] ). In this vein, in [10] , following the work [7] and [8] of Labourie, we construct an EW-type representation for immersed surfaces of constant positive extrinsic curvature in 3-dimensional hyperbolic space, H 3 , in terms of one holomorphic function defined over a given surface. More precisely, we showed that for all k ∈]0, 1[, every locally conformal mapping (that is, holomorphic local homeomorphism) from the Poincaré disk into the Riemann sphere is the Weierstrass map (defined below) of a unique simply-connected immersed surface in H 3 of constant extrinsic curvature equal to k which is complete in a certain sense. In the current paper, building upon our subsequent results of [11] we show that for all k ∈]0, 1[ the Weierstrass map actually defines a homeomorphism between the space of complete immersed surfaces in H 3 of finite area and of constant extrinsic curvature equal to k, on the one hand, and the space of ramified coverings of hyperbolic type of the Riemann sphere on the other. We find this result particularly interesting on account of the new research directions it opens up along the frontier between the theory of immersed surfaces on the one hand and Teichmüller theory on the other, themes which we propose to investigate in depth in forthcoming work.
-Main result.
In order to define the EW-type representation, we first recall the definition of the hyperbolic Gauss map. Let TH 3 be the tangent bundle over H 3 and let UH 3 ⊆ TH 3 be the subbundle of unit vectors over H 3 . Let ∂ ∞ H 3 be the ideal boundary of H 3 (c.f. [2] ). The hyperbolic Gauss map − → n :
where γ : R → H 3 is the unique geodesic such that ∂ t γ(0) = X. Informally, − → n (X) is the point in ∂ ∞ H 3 towards which X points.
Let Σ := (i, S) be an immersed surface in H 3 . We recall that this means that S is a surface and i : S → H 3 is an immersion. In the sequel, all submanifolds and functions will be taken to be smooth and oriented. Let N : S → H 3 be the unit normal vector field over i compatible with the orientation. Let A ∈ Γ(T S) be the shape operator of i. We define the extrinsic curvature of i, K i : S → R by:
We define the Weierstrass map of i, ϕ i : S → ∂ ∞ H 3 by:
We say that i is locally strictly convex (LSC) whenever its shape operator is at all points positive definite. Observe that this means that K is everywhere positive. Furthermore, when i is LSC, we chose the orientation such that at every point N points outwards from the convex set bounded locally by the image of i at that point. In this case, it follows from classical hyperbolic geometry that the Weierstrass map is a local homeomorphism (c.f. [2] ). In particular, since ∂ ∞ H 3 carries the conformal structure of the Riemann sphere, upon pulling this conformal structure back through ϕ i , we may suppose that ϕ i is a locally conformal mapping.
For k ∈]0, 1[, the bijection that we construct may be described schematically as follows:
Formally, we prove:
LetS be a compact Riemann surface. Let P ⊆S be a finite set of points such that S :=S \ P is of hyperbolic type. Let ϕ :S → ∂ ∞ H 3 be a ramified covering with ramification points contained in P . Then, for all k ∈]0, 1[, there exists a unique complete LSC immersion i : S → H 3 of finite area and of constant extrinsic curvature equal to k such that ϕ is the Weierstrass map of i.
Conversely, if Σ := (i, S) is a complete immersed LSC surface in H 3 of finite area and constant extrinsic curvature equal to k, for some k ∈]0, 1[, and if ϕ : S → ∂ ∞ H 3 is the Weierstrass map of i, then the Riemann surface (S, ϕ * ∂ ∞ H 3 ) is conformally equivalent to a compact Riemann surfaceS with a finite set P of points removed. Furthermore, ϕ extends to a ramified covering of the sphere byS with ramification points contained in P .
Finally, for all k ∈]0, 1[, this mapping defines a homeomorphism between the set of complete immersed LSC surfaces in H 3 of finite area and of constant extrinsic curvature equal to k, on the one hand, and the set of pointed ramified coverings of the Riemann sphere, on the other.
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2.1 -Labourie's compactness theorem. Labourie's compactness theorem (c.f. [7] ) presents a powerful tool for the study of LSC immersed surfaces of constant extrinsic curvature inside 3-dimensional manifolds. We first require a few definitions. Let M := (M, g) be a complete 3-dimensional Riemannian manifold. Let T M be the tangent space to M , let U M ⊆ T M be the unit sphere bundle and let π : U M → M be the canonical projection. Observe that π is distance non-increasing. Let (i, S) be an immersed surface in M . Let N : S → U M be the unit normal vector field over Σ compatible with the orientation. We define the Gauss liftΣ of Σ by (î, S), whereî = N . This terminology merely distinguishes between the mapping N , considered as a section of i * U M over i, and the mappingî, considered as an immersion in its own right into the total space of U M . For k > 0, following [7] , we say that Σ is a k-surface whenever Σ has constant extrinsic curvature equal to k andΣ is complete.
Let Γ ⊆ M be a complete geodesic. Let NΓ ⊆ U M be the bundle of unit normal vectors over Γ. If (î, S) is an immersed surface in U M , then we say thatΣ is a tube whenever ı defines a covering map from S onto NΓ for some complete geodesic Γ. Furthermore, we say thatΣ is a tube of finite order whenever this covering is of finite order.
Let (î n , S n , x n ) be a sequence of complete pointed immersed surfaces in U M . We say that (î n , S n , x n ) converges towards the complete pointed immersed surface (î ∞ , S ∞ , x ∞ ) in the pointed Cheeger-Gromov sense whenever there exists a sequence (α n ) of mappings such that:
(1) for all n, α n : S ∞ → S n ;
(2) for all n, α n (x ∞ ) = x n ; (3) for every relatively compact open subset Ω ⊆ S ∞ , there exists N ∈ N such that for all n N , the restriction of α n to Ω is a diffeomorphism onto its image; and (4) the sequence (î n • α n ) converges in the C ∞ loc sense toî ∞ . We refer to (α n ) as a sequence of convergence maps for the sequence (î n , S n , x n ) with respect to the limit (î ∞ , S ∞ , x ∞ ).
Labourie's compactness theorem is now stated as follows:
Let M be a complete 3-dimensional Riemannian manifold. Let (i n , S n , x n ) be a sequence of pointed k-surfaces in M for some fixed k > 0. For all n, letî n be the Gauss Lift of i n . If there exists a compact set K ⊆ M such that i n (x n ) ∈ K for all n, then there exists a complete pointed immersed surface (î ∞ , S ∞ , x ∞ ) towards which (î n , S n , x n ) subconverges in the pointed Cheeger-Gromov sense. Furthermore, either:
Remark: Care should be taken in interpreting the limit obtained in the second case of Theorem 2.1.1. Indeed, althoughî ∞ is complete, there is no reason to suppose that i ∞ is too. This often leads to counterintuitive phenomena.
-General properties of k-surfaces.

Lemma 2.2.1
Let (M, g) be a complete 3-dimensional Riemannian manifold whose isometry group acts co-compactly. Let (i, S) be a k-surface in M for some k > 0. If (S, i * g) has finite area then for all B > 0 there exists a compact subset K ⊆ S such that for all x ∈ S \ K, A(x) > B.
Proof: Suppose the contrary. There exists B > 0 and a diverging sequence (x n ) ∈ S such that A(x n ) B for all n. Letĝ be the Sasaki metric over U M . For all n, let B n be the unit ball about x n in S with respect to the metricî * ĝ . Upon extracting a subsequence, we may suppose that all the (B n ) are disjoint. For all n, let Area n be the area of B n with respect to the metric i * g. We claim that the sequence (Area n ) is uniformly bounded below. Indeed, let K ⊆ M be a compact fundamental domain for the isometry group. For all n, let α n : M → M be an isometry such that M n (i(x n )) ∈ K. For all n, denote i n = α n • i and letî n be the Gauss lift of i n . By Labourie's Compactness Theorem, upon extracting a subsequence, there exists a complete pointed immersed surface (î ∞ , S ∞ , x ∞ ) towards which (î n , S, x n ) converges. Let (β n ) be a sequence of convergence mappings for (î n , S, x n ) with respect to the limit (î ∞ , S ∞ , x ∞ ). Observe that (i n • β n ) converges in the C ∞ loc sense to i ∞ := π •î ∞ . However, since ( A(x n ) ) is uniformly bounded, (î ∞ , S ∞ ) is not a tube, and so i ∞ is an immersion. In particular, if B ∞ is the unit ball about x ∞ in S ∞ with respect to the metricî * ∞ĝ , and if Area ∞ is the area of B ∞ with respect to the metric i * ∞ g, then Area ∞ > 0. Thus:
In particular, the sequence (Area n ) is uniformly bounded below, as asserted. However, since the sequence (B n ) consists of disjoint balls, it follows that S has infinite area. This is absurd, and the result follows. Now consider the case where M := H 3 is 3-dimensional hyperbolic space. For any closed subset X ⊆ H 3 ∪ ∂ ∞ H 3 , let Conv(X) be its convex hull and let B r (X) be the closure in H 3 ∪ ∂ ∞ H 3 of the set of all points in H 3 lying at a distance no greater than r from X.
Lemma 2.2.2
Let (i, S) be a compact LSC immersed surface in H 3 of constant extrinsic curvature equal to k ∈]0, 1[. Then:
where r = Tanh −1 (k).
Proof: Suppose the contrary. Let X := Conv(i(∂S)). Let x ∈ S be such that i(x) lies at a distance greater than r from X. In particular, x is an interior point of S. Let p ∈ X be the closest point to i(x). Let P be the supporting plane to X at p normal to the geodesic joining p to i(x). Let (P s ) be the foliation of H 3 by equidistant planes to P parametrised by (signed) distance from P . Let r ′ := Sup {s | i(S) ∩ P s = ∅}. Since S is compact, r ′ < ∞ and we may suppose that i(x) ∈ P r ′ . In particular, i(S) is an interior tangent to P r ′ at this point. It follows by the geometric maximum principle that the extrinsic curvature of i at z is at least Tanh(r ′ ) > Tanh(r) = k. This is absurd, and the result follows.
-Limit points of the immersion.
Henceforth, we will assume that (i, S) is a complete finite-area immersed surface in H 3 of constant extrinsic curvature equal to k for some fixed k ∈]0, 1[. We continue to denote by g the metric over H 3 , byĝ the Sasaki metric over UH 3 and by π : UH 3 → H 3 the canonical projection.
By Gauss' equation, (S, i * g) has constant intrinsic curvature equal to k − 1 < 0. Since it has finite area, it follows by Hüber's Theorem (c.f. [6] ) that (S, i * g) is conformally equivalent to a compact surfaceS with a finite set P of points removed. Furthermore, if we denote by D the Poincaré disk, then for every point p ∈ P there exists ǫ ∈]0, 1[ and a conformal mapping α : D →S such that α(0) = p and:
where δ denotes the Euclidean metric over D. The metric on the right-hand side of (D) is the standard metric of a finite area hyperbolic cusp.
We henceforth identify D * with its image in S and suppress α in what follows. For all r ∈]0, 1[, let C r be the Euclidean circle of radius r about 0 in D * , and let Length(C r ) be its length with respect to the cusp metric (D). Observe that (Length(C r )) tends to 0 as r tends to 0.
Proposition 2.3.1
There exists a sequence (r n ) converging to 0 and a point p ∞ ∈ H 3 ∪ ∂ ∞ H 3 such that the sequence (C r n ) converges to {p ∞ } in the Hausdorff sense.
Proof: By compactness of the family of compact sets, there exists a sequence (r n ) converging to 0 and a subset C ∞ of ∂ ∞ H 3 ∪ H 3 such that the sequence (C r n ) converges to C ∞ in the Hausdorff sense. Since the sequence (Length(C r n )) converges to 0, C ∞ consists of a single point, and the result now follows.
For all n, we henceforth denote C n := C r n . For all n < m, let A n,m ⊆ D * be the anulus bounded by C n and C m and for all n, let D * n be the pointed disk bounded by C n . Letî be the Gauss lift of i. Observe that since i * g is complete at 0, so too isî * ĝ . For all n, denote
Proof: Indeed, for all n < m, let X n,m := B r (Conv(i(C n ) ∪ i(C m ))). By Lemma 2.2.2, for all n < m, i(A n,m ) ⊆ X n,m . For all n, (X n,m ) converges to X n := B r (Conv(i(C n ) ∪ {p ∞ })) in the Hausdorff sense as m tends to infinity. The result follows upon taking limits.
Proof: Suppose the contrary. Letî be the Gauss lift of i. Let z n ∈ D * be a sequence converging to 0. We may suppose that for all n, z n ∈ D n . Furthermore, sinceî * ĝ is complete at 0, we may suppose that z n lies at a distance of at least n from C n with respect to this metric. In particular, for all R > 0, there exists N ∈ N such that for n N , Ω R,n ⊆ D n , where Ω R,n is the open ball of radius R about z n in D * with respect to the metricî * ĝ .
For all n, by Proposition 2.3.2, i(D n ) ⊆ X n . Thus, since (X n ) converges to B r (p ∞ ) in the Hausdorff sense as n tends to infinity, for sufficiently large n, i(D n ) ⊆ B 2r (p ∞ ). However, by Labourie's Compactness Theorem, there exists a complete pointed immersed surface (î ∞ , S ∞ , z ∞ ) towards which (î, D * , z n ) subconverges. By Lemma 2.2.1, (î ∞ , S ∞ , z ∞ ) is a tube. By the preceeding discussion, and taking limits, for all R > 0, (π •î ∞ )(Ω R,∞ ) ⊆ B 2r (y ∞ ), where Ω R,∞ is the open ball of radius R about z ∞ in S ∞ with respect to the metricî * ∞ĝ . In other words, (π •î ∞ )(S ∞ ) ⊆ B 2r (y ∞ ). This is absurd, since (π •î ∞ )(S ∞ ) is a complete geodesic which is therefore not contained in any compact subset of H 3 . The result follows.
Proposition 2.3.4
(i(z)) tends to p ∞ as z tends to 0.
The result now follows by Proposition 2.3.2 since (X n ) converges to {p ∞ } in the Hausdorff sense as n tends to ∞.
-Limit points of the Weierstrass map. Proposition 2.4.1
Let (x n ) ∈ H 3 be a sequence converging towards x ∞ ∈ ∂ ∞ H 3 . Let Γ ⊆ H 3 be a geodesic with end-point x ∞ . Let y ∞ be the other end-point of Γ and let z be any point of Γ. If (α n ) is a sequence of isometries of H 3 such that for all n, α n (x ∞ ) = x ∞ and α n (x n ) = z, then for every compact subset K ⊆ ∂ ∞ H 3 \ {x ∞ }, (α n (K)) converges to {y ∞ } in the Hausdorff sense as n tends to ∞.
Proof: We identify H
3 with the upper half-space in R 3 . Upon applying an isometry, we may suppose that x ∞ = 0, y ∞ = ∞ and z = (0, 0, 1). For all n, let x n := (ξ n , η n , t n ). For all n, the mapping α n is given in these coordinates by:
The result follows.
Proposition 2.4.2
( − → n •î)(z) tends to p ∞ as z tends to 0.
Proof: Suppose the contrary. There exists a sequence (z n ) converging to 0 such that the sequence (q n ) := (( − → n •î)(z n )) converges to q ∞ = p ∞ . We may suppose that for all n, z n ∈ D n . Furthermore, sinceî * ĝ is complete at 0, we may suppose that, for all n, z n lies at a distance of at least n from C n with respect to this metric. In particular, for all R > 0, there exists N ∈ N such that for all n N , Ω R,n ⊆ D n , where Ω R,n is the open ball of radius R about z n in D * with respect to the metricî * ĝ . Let r ∞ be any other point ofĈ distinct from both p ∞ and q ∞ . Let Γ be the geodesic joining p ∞ and r ∞ . Let P be a totally geodesic plane in H 3 normal to Γ. For all n, let α n be an isometry of H 3 such that α n (p ∞ ) = p ∞ , α n (C n ) ∩ Γ = ∅ and α n (i(z n )) ∈ P . For all n, let i n := α n • i and letî n be the Gauss lift of i n .
Let r := Tanh −1 (k). Since (Length(C n )) tends to 0, we may suppose that, for all n, Length(C n ) < r. Since B r (Γ) is convex, it follows that for all n,
In particular, for all n, i n (z n ) ∈ B 2r (Γ) ∩ P , which is a compact set. Thus, by Labourie's Compactness Theorem, there exists a complete pointed immersed surface (î ∞ , S ∞ , z ∞ ) towards which (î n , D * , z n ) converges. Let (β n ) be a sequence of convergence maps for (î n , D * , z n ) with respect to (î ∞ , S ∞ , z ∞ ). Observe that (i n • β n ) converges towards i ∞ := π •î ∞ in the C ∞ loc sense. By Lemma 2.2.1, (î ∞ , S ∞ ) is a tube and so i ∞ (S ∞ ) is a complete geodesic. However, for all R > 0, there exists N ∈ N such that for n N , i n (Ω R,n ) ⊆ i n (D n ) ⊆ B 2r (Γ). Taking limits, it follows that for all R > 0, i ∞ (Ω R,∞ ) ⊆ B 2r (Γ), where Ω R,∞ is the open ball of radius R about z ∞ in S ∞ with respect to the metriĉ ı * ∞ĝ . In other words, i ∞ (S ∞ ) ⊆ B 2r (Γ). That is, i ∞ (S ∞ ) is a complete geodesic lying at constant distance from Γ. This geodesic therefore coincides with Γ. In particular, ı ∞ (z ∞ ) is a unit normal vector to Γ at the point Γ ∩ P . That is,î ∞ (z ∞ ) is tangent to P at this point. Since P is totally geodesic, it follows that
by Proposition 2.3.4, (i(z n )) converges to p ∞ as n tends to ∞. Since, by hypothesis, (q n ) remains uniformly bounded away from p ∞ , it follows by Proposition 2.4.1 that (α n (q n )) converges to r ∞ as n tends to ∞. In particular, r ∞ = q ∞ . This is absurd, and it follows that ( − → n •î)(z) converges to p ∞ as z tends to 0, as desired.
We now obtain the second part of Theorem 1.2.1:
(S, ϕ * Ĉ ) is conformally equivalent to a compact Riemann surfaceŜ with a finite set P of points removed. Furthermore, ϕ extends to a meromorphic map fromŜ to ∂ ∞ H 3 =Ĉ. That is, ϕ is a ramified covering.
Proof: LetS and P be as at the beginning of this section. Choose p ∈ P . Let U be a neighbourhood of p homeomorphic to a disk such that p is the only point of P in U . By definition ϕ := − → n •î. Upon reducing U if necessary, (U, ϕ * Ĉ ) is conformally equivalent to the annulus A c := {z | c < |z| < 1} where c ∈ [0, 1[. Observe that ϕ defines a locally conformal mappingφ : A c →Ĉ. Furthermore, by Proposition 2.4.2, there exists q ∈Ĉ towards whichφ(z) converges as |z| converges to c. If c > 0, then, by classical complex analysis,φ is constant. This is absurd, and it follows that c = 0. Furthermore, by Cauchy's removable singularity theorem,φ extends to a holomorphic mapping from A 0 intoĈ. Since p ∈ P is arbitrary, the result follows.
2.5 -Systoles. The proof of the first part of Theorem 1.2.1 is a fairly straightforward consequence of the results of [10] and [11] . Indeed, letS be a compact Riemann surface and let ϕ :S →Ĉ be a ramified covering of the sphere. Let P ⊆S be a finite subset containing the ramification points of ϕ such thatS \ P is of hyperbolic type. Choose k ∈]0, 1[. We identifyĈ with ∂ ∞ H 3 in the canonical manner, and, denoting S :=S \ P , we define (i k , S) to be the unique k-surface in H 3 whose Weierstrass map is ϕ. The existence and uniqueness ofî k are proven in Theorem 1.4 of [10] .
Proposition 2.5.1
